We study the pion decays with intermediate on-shell neutrinos N into two electrons and a muon, π ± → e ± N → e ± e ± µ ∓ ν. We investigate the branching ratios Br± = [Γ(π
are interested in the question whether in such models the CP violation in rare pion decays can be appreciable to cover the parameter space favored by theoretical models. We investigate the rare decays of charged pions into three charged leptons and a light neutrino, with the two intermediate neutrinos N j in the decay being on-shell, and we look for a possibility of detection of CP asymmetries in such decays. The relevant processes are the lepton number conserving (LC) processes π ± → e ± N j → e ± e ± µ ∓ ν where ν = ν e for π + and ν =ν e for π − ; and the lepton number violating (LV) processes, where ν =ν µ for π + and ν = ν µ for π − . If the N j neutrinos are Dirac, only LC decays contribute. If they are Majorana, both LC and LV decays contribute. In our previous work [4] , we demonstrated that the decay branching ratios for these processes are very small but can be appreciable and could be measured in the future π factories where huge numbers of pions will be produced, if the heavy-light neutrino mixing parameters are sufficiently large but still below the present upper bounds. Moreover, we showed that the consideration of the muon spectrum of these decays may allow us to distinguish whether the intermediate neutrinos are Dirac or Majorana.
We will investigate the branching ratios Br ± ≡ [Γ(π − → e − e − µ + ν) ± Γ(π + → e + e + µ − ν)]/Γ(π − → all) and the CP asymmetry ratio A CP ≡ Br − /Br + of the mentioned rare processes in the scenario of two intermediate on-shell neutrinos. We demonstrate that there exist scenarios where this CP asymmetry can be detected. In Sec. II we outline the formalism for the calculation of the various decay widths and branching ratios. The details of the calculation are given in Appendix A. In Sec. III we derive the expressions for the branching ratios Br ± and for the CP asymmetry ratio A CP , and present the numerical results. Additional details are given in Appendix B. In Sec. IV we present the conclusions.
II. THE PROCESSES AND FORMALISM FOR THE RARE PION DECAYS
We consider the lepton number violating (LV) process, Fig. 1 , and the lepton number conserving (LC) process, Fig. 2 . We note that if the intermediate neutrinos N j (j = 1, 2) are Majorana, both processes (LV and LC) take place; and if N j are Dirac, only the LC process takes place.
We will denote the mixing coefficient between the standard flavor neutrino ν ( = e, µ, τ ) and the heavy mass eigenstate N j as B Nj (j = 1, 2), i.e., this mixing element appears in the relation
where ν k (k = 1, 2, 3) are the light mass eigenstates. We adopt the phase conventions of the book Ref. [10] , i.e., all the CP-violating phases are incorporated in the PMNS matrix of mixing elements. The decay widths and asymmetries of these processes may become appreciable only if the two intermediate neutrinos N j are on-shell, i.e., if
i.e., when the masses M Nj are within the interval (106.2 MeV, 139 MeV). From now on, unless otherwise stated, we will use the simplified notations for the decay widths of these rare processes:
The decay widths Γ (X) (π ± ) can be written in the form
where 1/2! is the symmetry factor due to two final state electrons, and d 4 denotes the integration over the 4-particle final phase space
and we denoted by p 1 and p 2 the momenta of e + from the left and the right vertex of the direct channels, respectively (and for the crossed channels just the opposite). The squared matrix element |T (X) (π ± )| 2 in Eq. (4) is a combination of contributions from N 1 and N 2 and from the two channels D (direct) and C (crossed), and is given explicitly in Eq. (A1) in Appendix A.
Combining Eqs. (4) and (A1), we obtain
where X =LV, LC; the indices (i, j) indicate contributions from N i and N j neutrino exchange amplitudes; and k
are the corresponding heavy-light mixing factors
In Eq. (6) we denoted by Γ (X) (Y Z * ) ij (i, j = 1, 2) the elements of the normalized (i.e., without mixings) decay width
where the expressions for T (X)
− (CC * ), so that the terms Γ (X) (DD * ) ij and Γ (X) (CC * ) ij in Eq. (6) have no subscripts ±. In Eq. (8), P (X) j (Y ) (X =LV, LC) represent the N j propagator functions of the direct and crossed channels (Y = D, C)
and K 2 constant is
Several symmetry relations are valid between the normalized matrices (8), cf. Eqs. (A5) in Appendix A; the most important is that Γ (X) (DD * ) = Γ (X) (CC * ) and that this (2 × 2) matrix is self-adjoint. Later we will see that the direct-crossed interference contributions Γ (X) (DC * ), Γ (X) (CD * ) are suppressed by several orders of magnitude in comparison to Γ (X) (DD * ). The branching ratios are obtained by dividing the calculated decay widths Γ (X) (π ± ), Eqs. (3)- (4) and (6), by the total decay width of the charged pion Γ(π + → all)
Another important quantity in the evaluations of Γ (X) (Y Z * ) [and Br (X) 
where
and C = 2 if N j is Majorana neutrino, and C = 1 if N j is Dirac neutrino. The factor K j includes the heavy-light mixing factors dependence, from the charged channels and the neutral interaction channels mediated by Z. Using the results of Appendix C of Ref. [15] , the factor K j can be obtained
The charged and neutral channel contributions produce only (light) neutrinos and e + e − ; decays with muon in the final state are suppressed by a kinematical factor f (M 
III. THE BRANCHING RATIOS AND THE CP ASYMMETRY FOR THE RARE DECAYS
In this Section we use the results of the previous Section to obtain the results for the branching ratios Br (X) ± and the CP asymmetry ratios A (X) CP (X = LP, LC) of the discussed rare processes
where we recall the use of notations (3) . The total branching ratios are Br ± = Br
when N j are Majorana neutrinos, and Br ± = Br (LC) ± when N j are Dirac neutrinos. It is useful to introduce the following notations related with the heavy-light neutrino mixing elements B eNj and B µNj , where we adopt the convention M N2 > M N1 :
It turns out (see later) that in our cases of interest the D-C interference contributions are negligible, and the resulting (sums) S
+ (π) of the decay widths are
where δ (X) j in the above quantities represent the (relative) contribution of the
On the other hand, the difference S
− (π) of the π − and π + rare decays is (where the D-C interference terms are neglected)
In these expressions we can recognize (a posteriori) the difference of the CP-odd phases as θ (X) (X = LV, LC) coming from the PMNS mixing matrix elements, cf. Eqs. (17b)- (17c); while (sinus of) the difference of the CP-even phases is contained in the imaginary part of the product of propagators, ImΓ
In the limit of Γ Nj → +0, i.e., Γ Nj M Nj , the expression for the "diagonal" decay width Γ (X) (DD * ) 11 [and thus also for Γ (X) ((DD * ) 22 ] can be calculated analytically. The differential decay width dΓ (X) /dE µ with respect to the muon energy E µ , in the N j rest frame, was obtained in Ref. [4] , and the result of explicit integration of it over E µ , for the general case of not neglected electron mass (M e = 0), is
where we use the notations
and the function F(x j , x ej ) is given in Appendix B [Eq. (B2)] where the derivation of this expression (21) is given.
When M e = 0, the results acquires a simpler form
where the function f (
We note that the expression (21) is the same for X = LV and X = LC. In the range of the masses 0.117 GeV < M Nj < 0.136 GeV the expression (23) differs from the exact expression (21) [with Eq. (B2)] by less than one per cent. However, for 0.106 GeV < M Nj < 0.117 GeV and for 0.136 GeV < M Nj < 0.139 GeV the deviation is more than one per cent. For values of M Nj close to the lower on-shell bound M µ + M e (≈ 0.1062 GeV) the deviation is very large and the expression (21) [with Eq. (B2)] must be used instead of Eq. (23) for Γ (X) (DD * ) jj . We will use the general expression (21) unless otherwise stated.
Furthermore, we can also calculate analogously as Γ (X) (DD * ) jj the analytic expression for the asymmetric difference
In order to explain this analogy, we note that in the limit Γ Nj → +0
it was crucial to use in the analytic calculation of Γ (X) (DD * ) jj the identity
On the other hand, in the difference S 12 we have in the integrand of ImΓ (X) (DD * ) 12 as a factor the following combination of propagators:
where p N = (p π − p 1 ) in the direct channel, and we assumed that Γ Nj
. When X = LV , the corresponding combination of propagators is the same as in Eq. (26c) but with the additional factor M N1 M N2 . The expression (26c) has formally the same structure as the expression (25), except for the factors in front of the delta(s). Therefore, the integration over the final phase space can be performed formally in the same way. This then results in the expressions
where the overall factor η (X) is equal to unity (η (X) = 1) when Γ Nj |∆M N |, i.e., when the identity (26c) can be applied. Nonetheless, when Γ Nj |∆M N |, we have in general corrections to these formulas, in the form of η < 1, 3 and the exact expression (26a) has to be used instead of the approximation (26c). All these quantities can be evaluated also via numerical integrations over the final phase space, with finite widths Γ Nj in the propagators. The scalings (18)] and η (X) correction terms, due to non-negligible overlap of the N 1 with N 2 resonance. It turns out that these functions are independent of X (= LV, LC), and that η and δ ≡ (1/2)(δ 1 + δ 2 ) are effectively functions of only one 3 We note that there is no such overall correction factor in the expression (21) for Γ (X) (DD * ) jj , because in our considered cases Γ N j M N j always and Eq. (21) is the correct expression then. 
The values of δ (= δ (X) ) and η (= η (X) ) as functions of ∆M N /Γ N can be obtained by numerical integrations over the four-particle finite phase space, and are tabulated in Table I (with their estimated uncertainties due to numerical integrations).
We note that the rare process decay widths S
+ (π), Eq. (18), are formally quartic in the heavy-light mixing elements |B N |, i.e., very small. Nonetheless, they are proportional to the expressions Γ(DD * ) jj , Eq. (21), which in turn is proportional to 1/Γ Nj due to the on-shellness of the intermediate N j 's. This 1/Γ Nj is proportional to 1/ K j ∼ 1/|B Nj | 2 according to Eqs. (12)- (14). Therefore, the on-shellness of N j 's makes the rare process decay widths significantly less suppressed by the mixings:
On the other hand, comparing the expressions (27) relevant for the CP asymmetries S 2 eV has been constructed and investigated in Ref. [13] . In particular, in this limit of two almost degenerate neutrinos N j , where now M N1 ≈ M N2 ≡ M N , the formulas (21), (19) and (27) get simplified. In this case, it is convenient to introduce a "normalized" branching ratio Br
In terms of this branching ratio Br, the formulas (21), (19) and (27) can be rewritten, in the mentioned almost degenerate scenario, as
ReΓ(DD * ) 12
ImΓ(DD * ) 12
where y ≡ ∆M N /Γ N . Similarly, after some algebra, we can rewrite in this scenario (M N1 ≈ M N2 ≡ M N ) the obtained branching ratios Br ± and CP asymmetry ratios A CP for the considered rare decays, in terms of Br and of the heavylight mixing parameters. Below we present the results for the case when the neutrinos N j are Dirac (Di), and when they are Majorana (Ma) neutrinos. The branching ratio Br + for the considered rare processes is
Here we took into account that in the Dirac case only the LC process contributes, while in the Majorana case both the lepton number violating (LV ) and conserving (LC) processes contribute. The mixing parameters K j (∼ |B Nj | 2 ) are given in Eq. (14), and we took into account that in Eq. (12) for Γ Nj the factor C is one in the Dirac case and is two in the Majorana case. The contributions of the N 1 -N 2 overlap effects give the relative corrections of O(δ) and are negligible when ∆M N > 10Γ N , cf. Table I. The (CP asymmetry) branching ratio Br − for the considered rare processes is
Consequently, the usual CP asymmetry ratios A (X) CP are obtained from Eqs. (33)- (34) A
When y (≡ ∆M N /Γ N ) becomes large (y > 10), i.e., when ∆M N > 10Γ N , Table I implies that the CP asymmetries (34)- (35) become suppressed by the η(y)/y factor. On the other hand, when y < 10 (i.e., ∆M N < 10Γ N ) and |θ (X) | ∼ 1, the factor η(y)/y is ∼ 1 and the CP asymmetry ratios A 4 If we also assume that |B N 2 | ≈ |B N 1 | (for = e, µ, τ ), then also K 1 ≈ K 2 ≡ K, and the expressions for A CP become particularly simple We present in Fig. 3 the normalized quantity Br as a function of M N in the on-shell kinematic interval (2); and in Figs. 4 the same curve near the lower end point M N ≈ M µ + M e (= 0.1062 GeV), where the effects of M e = 0 are relatively appreciable. Further, in Fig. 5 we present the curves of the overlap suppression factors η(y)/y and δ(y), as a function of the N 1 -N 2 overlap parameter y ≡ ∆M N /Γ N . On the other hand, the (CP asymmetry) branching ratio Br − in the case of mixing one and maximal CP phases (i.e., when B Nj = 1 for all , and sin θ (X) = 1;
, as a function of ∆M N , is presented in Fig. 6 . In that Figure, no overlap effects appear at the values of ∆M N presented, i.e., η = 1. Therefore, when y ≡ ∆M N /Γ N < 5, i.e., in the almost degenerate case of two on-shell neutrinos N j , we can expect in general the CP asymmetry ratio A CP of the considered rare process to be ∼ 1. The branching ratio for this process, in the case of one N neutrino, was considered in Ref. [4] , 5 and all the conclusions about the measurability of this branching ratio Br ≈ (1/2)Br + can be translated into the conclusions about the measurability of the (CP asymmetry) branching ratio Br − in the described almost degenerate scenario, provided that |θ (LC) |, |θ (LV) | ∼ 1. This means that the CP asymmetries could be measured in the future pion factories in the described scenarios, provided that the heavy-light mixing parameters |B Nj | 2 ( = e, µ) are not many orders of magnitude below the present experimental upper bounds. The present experimental bounds of the mixing parameters |B Nj | 2 ( = e, µ, τ )
in the considered mass range (2) , are: |B eNj | 2 < ∼ 10 −8 [20] ; |B µNj | 2 < ∼ 10 −6 [21] ; |B τ Nj | 2 < ∼ 10 −4 [22] ; cf. also Refs. [15, 23] .
The future pion factories, among them the Project X at Fermilab, will produce charged pions with lab energies E π of a few GeV (i.e., the time dilation factor γ π ∼ 10 1 ), and luminosities ∼ 10 22 cm −2 s −1 [24, 25] , hence, ∼ 10 29 charged pions could be expected per year. The probability of (on-shell) neutrino N to decay inside a detector of length L ∼ 10 1 m in such pion factories is
where K ∼ K j ∝ |B Nj | 2 . We should multiply the obtained branching ratios Br ± by such acceptance factors P N to obtain the effective branching ratios Br (eff)
± . If the largest among the mixing elements |B Nj | 2 ( = e, µ) are |B µNj | 2 (∼ |B µN | 2 ) (j = 1, 2), i.e., if we have
, the formulas (36) with (33) and (34) give
In these relations, we took into account that the LC process dominates over the LV process in the considered case, and that Br ∼ 10 −4 in most of the on-shell interval for the masses M N1 ≈ M N2 ≡ M N , cf. Fig. 3 . If in this case, in addition, |B Nj | 2 ( = e, µ) are close to their present upper bounds, |B eNj | 2 ∼ 10 −8 and |B µNj | 2 ∼ 10 −6 , this implies that P N Br + ∼ 10 −21 and P N Br − ∼ 10 −21 (the latter provided sin θ (X) ∼ 1), implying that ∼ 10 8 events can be detected per year, with the difference between π − and π + decays also of the order ∼ 10 8 . This number decreases in proportionality with the factor |B eN | 2 |B µN | 2 when this factor decreases. In this scenario there is almost no difference between the case when N j are Dirac and the case when N j are Majorana.
On the other hand, if the largest among the mixing elements
In this considered case, the LV process dominates over the LC process. ∼ 10 −6 ) suggest that the first of the mentioned two scenarios is more probable, i.e., that the LC processes dominate over the LV processes.
The measurement of the CP asymmetries alone cannot distinguish between the Dirac and the Majorana character of intermediate neutrinos N j 's. However, as argued in Ref. [4] , the neutrino character could be determined from the measured differential decay rates of these processes with respect to the muon energy E µ in the N j rest frame, dΓ/dE µ , if the heavy-light mixing elements satisfy the relation |B eNj | > ∼ |B µNj | (if |B eNj | |B µNj |, the LC process dominates).
IV. SUMMARY
We investigated the rare decays of charged pions, π ± → e ± N j → e ± e ± µ ∓ ν, in scenarios with two heavy sterile neutrinos N j (j = 1, 2). Such scenarios allow the mentioned decays to proceed with exchange of on-shell intermediate neutrinos at the tree level, but are suppressed by the heavy-light neutrino mixing elements of the PMNS matrix. The mentioned decays can be of the lepton-number-conserving (LC) type (ν = ν e ,ν e ), or of the lepton-number-violating (LV) type (ν =ν µ , ν µ ). If the N j neutrinos are of Dirac nature, only LC decays take place; if they are of Majorana nature, both LC and LV decays take place. In Ref. [4] such processes were studied with a view to ascertain the nature of the intermediate neutrino N j , and it was shown there that it may be possible to do this in the future pion factories where the number of produced charged pions will be exceedingly high. In the present work, on the other hand, we investigated the possibility to ascertain the CP violation in such processes. Such a CP violation originates from the interference between the N 1 and N 2 exchange processes and the existence of possible CP-violating phases in the PMNS mixing matrix. We showed that such signals of CP violation could be detected in the future pion factories if we have (at least) two sterile neutrinos in the mentioned mass interval and such that their masses are almost degenerate, i.e., when the mass difference ∆M N between them is not many orders of magnitude larger than their decay width Γ N . Therefore, our calculation suggests that the observation of CP violation in pion decays would be consistent with the existence of νMSM model [12, 13, 16] , with the two almost degenerate heavy neutrinos in the lower mass range of the model. The Majorana nature of the neutrinos offers more possibilities of CP violation because there are more CP-violating phases in the PMNS matrix than in the case when the neutrinos have Dirac nature. On the other hand, the present experimental bounds on the heavy-light mixings allow higher rates and more appreciable CP-violating effects in these processes in the LC channels than in the LV channels, i.e., in the scenarios where the Majorana nature of the neutrinos is difficult to discern.
The ellipses in Eq. (B1b) indicate the analytic integrations over the four-particle final phase space of the process of Fig. 1(a) with the exception of E µ (in the rest frame of N j ), performed in Ref. [4] . Eq. (B1c) then uses the differential decay width dΓ (LV) (DD * )/dE µ obtained in Ref. [4] . 6 The integration in Eq. (B1c) can be performed explicitly (in Ref. [4] it was performed only in the limit M e = 0), and the result is Eq. (21) with notations (22) and the function F(x j , x ej ) given explicitly here F(x j , x ej ) = λ 1/2 (1, x j , x ej ) (1 + x j )(1 − 8x j + x 2 j ) − x ej (7 − 12x j + 7x (1 − x j ) 2 + (1 − x j )λ 1/2 (1, x j , x ej ) − x ej (1 + x j )
It turns out that the integration over the differential decay width of the lepton number conserving case, dΓ (LC) /dE µ , 
